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• Design a signed random walk model which the agent can walk along the negative link.
• The position and density of negative links will affect the signed random walk model.
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a b s t r a c t

Random walks on the traditional networks have achieved a series of research results in
many aspects, such as analysis of node centrality, community detection, link prediction,
etc. and have a wide range of applications. Actually, random walks can also apply to
the signed networks which contain two types of links: positive links and negative links.
However, there are few related researches about random walks on signed networks. And
also we find that most researches about random walks on signed networks assume that
the agent walks only along the positive links in the diffusion process, which loses the
effective information of negative links. So in this paper, we propose a signed random
walk model which allows that the random walker walks along the negative links with
a smaller probability than positive links. We focus on two aspects of the signed random
walk as follows: (1) the convergence of transition probability matrix. (2) the application
to community detection in signed networks. And we apply the signed random walk to
both artificial signed networks and real-world signed networks. The results show that the
position and density of negative links in the signed network will affect the convergence
rate of transition probability matrix. We also find that the signed randomwalk can be used
to uncover the meaningful community structures in the signed networks.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

Many real-world complex systems such as information systems, social systems, ecological systems and so on can be
described and understood by complex networks. This approach provides chances for studying the structure, functions and
dynamics of these systems [1–4].Most edges in traditional complex networks have no sign, but there exists a kind of complex
networks called signed networks whose links have positive or negative sign. For example, in cortical neural networks,
positive links denote excitatory relationship between neurons while negative links represent inhibitory relationship [5];
in signed social Networks, positive and negative links can represent friendly and hostile relations between the users
respectively [6]. In the signed networks, nodes are units that can be genes, individuals, nations, etc. And positive and negative
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links represent the positive and negative relationships between a pair of units, respectively. Such opposite relationships are
widely existed in social, information, even biological fields and it is of significant value to explore the signed networks.

Scholars in different fields have made a series of achievements in exploring the signed networks with the two basic
theories: structural balance theory [7,8] and social status theory [9,10] proposed. These research works mainly involve
the network topology analysis (node centrality measures, community detection, the balance of signed network, etc.), link
and sign prediction, personalized recommendation, etc [11]. And these results also reveal that the negative links play an
important role in the network formation, structural evolution, dynamical process, etc. However, most studies focus on the
network structure of the signed networks and there are few studies involving dynamical process [12].

Random walks are one of the classical stochastic processes. Recently, Masuda et al. have made a detailed introduction
about the randomwalks on networks in their review paper [13]. In the paper we can find that the related theories of random
walks on networks such as stationary density, relaxation time, exit probability, mean first-passage and recurrence times,
cover time have made a series of progress. In addition, variety of applications via random walks on networks have been
developed. For example, based on random walks, we could use the ranking methods (PageRank [14], TempoRank [15],
Random-walk betweenness centrality [16], etc.) to identify important nodes [17] and detection algorithms (Netwalk [18],
Walktrap [19], InfoMap [20], stability [21], etc.) used for finding community. This review paper focuses mainly on the
traditional networks such as directed or undirected network, weighted or unweighted network, single-layer network or
multi-layer network, etc. and it mentions little about random walks on the signed networks.

Random walks on the signed networks have achieved some research results but it still remains unclear how the
structural information of the negative links affects the dynamical behavior. Based on the randomwalks, researchers perform
personalized ranking or community detection in the signed network. Jung et al. designed a new random walk model which
introduces a sign into an agentwhowill change its signwhen it travels the negative link andperformedpersonalized rankings
in the signed networks based on the model [22]. Yang et al. proposed a random walk based heuristic algorithm called FEC
to mine signed network communities by estimating the probability for an agent starting from an arbitrary node of the
network to reach the target node [23]. In addition, Wang et al. proposed a Self-Avoiding Pruning (SAP) random walk model
on the signed network and investigated how network structure characteristics such as link density and degree distribution
influence the properties of the SAP walk [24].

Community detection is an important part of the signed network researches and random walk can be used to explore
community structure in the signed network by computing the distance between nodes. Negative links provide some
information which could help improve the accuracy of the community detection [25,26]. However, at present, the existing
transition rule which the agent’s walk is restricted only along the positive links is not appropriate and this rule makes
the random walker lose the information of negative links. In addition, since the negative links mainly exist between the
communities, if the agent is allowed to walk along the negative links with larger probability, it will be easier for the random
walker to enter other communities rather than staying its original community. Therefore, an agent should be allowed to
walking along the negative links with a smaller probability compared with positive links.

Negative links are important components of the signed networks. In this paper, we design a signed random walk model
(denoted by SRW) on undirected signed networks which the random walker will walk along the positive links with a larger
probability compared with negative links. We firstly compare the convergence of the signed random walk and regular
randomwalk (denotedbyRRW)on the synthetic signednetworks and randomsignednetworks.We find that the location and
density of the negative links have a greater impact on the convergence of SRW. Especially, the SRW converges more slowly
when it is applied in the synthetic signed networks which the positive links only exist within communities. It indicates that
the existence of community structure affects the convergence of SRW. We also find that as the proportion of negative edges
in random signed networks decreases, the convergence of the SRW and RRW become faster. Then we apply the SRW in the
artificial signed networks and real-world signed networks for community detection. The experimental results show that the
SRWmodel could be used to explore the community structure in the signed networks.

2. The walk rule on the signed network

Consider a discrete-time randomwalk on the undirected and unsigned networks. This kind of network could be described
by adjacency matrix A, where its element Aij = 1 if node i and node j are connected and 0 otherwise. We assume that each
node is like a place and initially an agent is located at a node selected randomly. At each step the agent moves from the
current position to one of its adjacent positions. Mathematically, the transition probability for an agent from node i to node
j is defined as

Tij =
Aij

ki
(1)

where ki is the degree of node i. Based on the transition matrix, we can obtain T t
=
{
T t
ij

}
which is the powers of matrix T ,

showing the probability of going from node i to node j through a random walk of length t .
Given an undirected and signed network with n nodes and m links, we can describe it by an adjacency matrix B with n

dimensions. The entries of the adjacencymatrix B are defined as follows: Bij = 1 if there is a positive link between node i and
node j, Bij = −1 if there is a negative link between node i and node j, Bij = 0 otherwise. In addition, the adjacency matrix B



560 J. Zhou et al. / Physica A 508 (2018) 558–566

(a) Regular random walk. (b) Signed random walk.

Fig. 1. (Color Online) The example of two random walks on the signed network. The solid edges denote positive links and the dashed edges represent
negative links. At t0 , a randomwalker stays at the node 1. At t1 , the randomwalker will stay one of node 2, 3, 4. (a) and (b) provide the randomwalker with
different strategies. (a) indicates that the randomwalker only walks along the positive links and chooses one of them evenly and randomly. (b) shows that
the random walker can travel along the negative link with a smaller probability.

can be split into two parts: the matrices B+ and B−, B = B+
− B−, which B+

ij = Bij if Bij > 0 and 0 otherwise, and B−

ij = −Bij
if Bij < 0 and 0 otherwise. Then the positive and negative degrees of node i can be defined as

k+

i =

∑
j

B+

ij k−

i =

∑
j

B−

ij (2)

So the degree ki = k+

i + k−

i .
We also consider a discrete-time random walk on this undirected and signed network. For random walk on the signed

network, the regular way for the agent is walking only along the positive links during the process as shown in Fig. 1(a).
However, differentiate from the transition rules mentioned above, we propose a signed random walk model which the
probability of walking along the positive links for the agent is greater than walking along the negative links as shown in
Fig. 1(b). In this researchwe suppose that each node has at least one positive link.We give differentwalking rules considering
two situations respectively: (1) the number of negative links of node i is more than zero. (2) the number of negative links of
node i is equal to zero. For the first situation, the transition probability from node i to node j is defined as

Tij =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

k2i − 1
k2i

1
k+

i
Bij = 1

0 Bij = 0
1
k2i

1
k−

i
Bij = −1

(3)

We can see that
∑

j Tij = 1. For the second situation, the agentwillwalk along one of positive linkswhich is chosen uniformly.

3. The empirical networks

3.1. Synthetic signed networks

Inspired by Yang et al. [23], in this article we build the synthetic signed networks with controlled community structure.
The communities in the signed networks are defined as the groups of nodes within which the positive links are dense and
between which negative links are dense. In this synthetic signed networks, most positive links exist within communities
and most negative links exist between the communities. The synthetic signed network generated model is controlled
by the following parameters: c, n, k, pin, p−, p+, where c is the number of communities in the signed network, n is the
number of nodes in each community, k is the average degree of a node, pin indicates the proportion of edges existing within
communities, 1−pin indicates the proportion of edges existing between communities, p− denotes the probability of negative
links existing within communities, and p+ represents the probability of positive links existing between communities. Then
the proportion of negative edges in signed network is pin ∗ p− + (1− pin) ∗ (1− p+). In this generated model, c = 4, n = 32,
k = 16. Once the parameters c , n, k are determined, the structure of signed network only depends on parameters pin, p−,
p+. In addition, the synthetic signed networks with known community structure can be used to validate and compare the
community detection algorithms.
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Fig. 2. The adjacency matrix of the Slovene parliamentary party network.

Fig. 3. The adjacency matrix of the Gahuku–Gama subtribes network.

3.2. Two real-world signed networks

The Slovene parliamentary party network is aweighted and signed network shown in Fig. 2, which describes the relations
between 10 parties of the Slovene Parliamentary in 1994 [27]. In this signed network, the nodes are the parties and the edges
represent the similarity between two parties. The relations between Parliamentary political parties were estimated by 72
members of the Slovene National Parliament via questionnaires. The questionnaires were designed by a group of expert on
parliament activities to estimate the distances among the ten parties on a scale from −3 to 3. The weights of links in the
network were the average values of 72 questionnaires and multiplied by 100. In this paper, we transform this weighted
network into unweighted network and perform the following analysis on this unweighted network.

The Gahuku–Gama subtribes network is a binary and signed network shown in Fig. 3, where the nodes are subtribes,
the positive links denote the political alliance between subtribes and the negative links represent the enmities between
subtribes. It was created based on Read’s study on the cultures of highland New Guinea [28].

4. The convergence of the transition probability matrix

The core of investigating the properties of random walks is to study their transition probability matrices. And the
convergence of the transition probability matrix is usually as one of its key features. In this section, we focus on the
convergence of the SRW’s transition probability matrix and investigate how the network structure affects its convergence
rate. Firstly, we define pi(t) as the probability that the randomwalker reaches node i in the signed network at discrete time t .
Then the probability that the randomwalker reaches each node at discrete time t + 1 can be calculated by P(t + 1) = P(t)T ,
where P(t) = (p1(t), p2(t), . . . , PN (t)), T is the transition probability matrix of the random walk and N is the number of
nodes in signed network. At some time t∗, if P(t∗) = P(t∗ + 1), the transition probability matrix converges. Then we
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Fig. 4. (Color Online) (a) shows the number of steps before the SRW and RRW reach convergence in different synthetic signed networks generated by
varying pin and p− = p+ = 0. (b) shows the difference between the SRW and RRW on the random signed networks as the proportion of negative links
decreases. Each random signed network has 128 nodes and the average degree of a node is 16. The points in the curves are all averaged over 50 realizations
of synthetic signed networks or random signed networks.

Fig. 5. The number of steps before the SRW and RRW reach convergence in the signed network generated by fixing the pin = 0.8 and varying p+, p− from 0
to 0.5, are shown in (a) and (b), respectively. Different color represents different number of stepswhen the randomwalks converge. (c) shows the difference
of the convergence between SRW and RRW on these synthetic signed networks. Each point in the heatmap is averaged over 50 realizations of the synthetic
signed networks. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

define t∗ as the time that the transition probability matrix achieves convergence. The smaller the time t∗ is, the faster
the transition probability matrix converges. In this paper, we define the error as E(t) =

∑N
j=1

⏐⏐pj(t + 1) − pj(t)
⏐⏐, where

pj(t + 1) =
∑N

i=1 pi(t)Tij, p1(0) = 1, p2(0) = · · · = pN (0) = 0. And as the discrete time t increases, the error E(t)
gradually decreases. When the error is equal to zero, the transition probability matrix converges. To simplify the calculation,
in this paper, when the error E(t∗) is less than 10−4, we think that the transition probability matrix approximately achieves
convergence and t∗ is the convergence time of the transition probability matrix.

To study the convergence of transition probability matrices of the SRW and RRW, we perform numerical simulation on
the synthetic signed networks and random signed networks. Firstly, we fix parameters p− = 0, p+ = 0 and adjust pin from
0.5 to 0.9 with the interval 0.05. We generate 50 connected synthetic signed networks under each set of parameters. In
these networks, the positive links only exist within communities and negative links only exist between the communities.
At this time, pin is the proportion of positive links in the signed networks. Then we apply the SRW and RRW to these signed
networks and calculate the average transition steps respectively when their transition probability matrices converge. The
analytical result is shown in Fig. 4(a). We can observe that the convergence of SRW is significantly slower than the RRW’s
when there are only negative links between communities. We also find that as the pin increases, that is, positive links within
the communities increase and negative links between the communities decrease, the convergence of SRW becomes slower.

We also generate the random signed networks which are controlled by three parameters: m, k, p, where m is the
number of nodes in the signed networks, k is the average degree of a node and p is the proportion of positive edges in
the signed networks. The random signed networks have no communities. We generate random signed networks which their
parameters: m = 128, k = 16, and varying p from 0.5 to 0.9 with the interval 0.05. We also apply the SRW and RRW to
these random signed networks and compare their convergence time shown in Fig. 4(b). We can see that there are slight
differences of the convergence time between SRW and RRW on random signed networks. At the same time, we also find
that as the proportion of negative edges decreases, the convergence of these two random walks both become faster, which
indicates that the link density of negative links can affect the convergence rate of random walks.

Secondly, we fix the parameter pin = 0.8 and vary the other two parameters p+ and p− from 0 to 0.5, respectively. We
also generate 50 connected synthetic signed networks under each set of parameters. The rate of convergence for RRW and
SRW on these signed networks could be seen in Fig. 5. We could find that when p+ = 0, the convergence rate of SRWwill be
slower as the parameter p− gradually increases shown in Fig. 5(a), but the convergence rate of the RRW remains relatively
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Fig. 6. (Color Online) The difference between SRW and RRW on synthetic signed networks and random signed networks in convergence are shown in (a)
and (b), respectively. And (c) shows the difference of the convergence between SRW and RRW on random signed networks. The synthetic signed networks
are generated by fixing the pin = 0.8 and varying p+, p− from 0 to 0.5. The random signed networks have the same proportion as the negative links of the
corresponding synthetic signed networks and they are generated 50 times under each pair of different parameters. Each random signed network has 128
nodes and the average degree of a node is 16.

stable shown in Fig. 5(b). And the number of steps of SRW is obviously higher than RRW’s. Moreover, when p+ = 0.05, the
RRW converges more slowly than SRW under different parameters p− shown in Fig. 5(c). However, for other parameters p+

and p−, there are no obvious differences between the SRW and RRW in convergence.We also compare the convergence time
of these two random walks on these synthetic signed networks and their corresponding random signed networks shown
in Fig. 6. These generated random signed networks have the same proportion of negative edges with their corresponding
synthetic signed networks. We can see that there exists obvious difference about the convergence time of SRW and RRW
on synthetic signed networks and random signed networks. And these two randomwalks on the synthetic signed networks
converge slower. But there exists no obvious difference between SRW and RRW on random signed network.

In addition, we also test the convergence of the SRW and RRW on the real-world signed networks. For the Slovene
parliamentary party network, there exists no positive link between the communities, the SRW converges more slowly than
RRW, which is same as the finding in the synthetic signed networks. And for the Gahuku–Gama subtribes network, the SRW
also converges more slowly compared with the RRW. Overall, there are many factors affecting the convergence of SRW, one
of which are the position and link density of negative links.

5. The application to community detection in the signed networks

One of important applications for random walks is to explore the community structure of the complex networks via
calculating the similarity or distance between nodes. For example, Zhou defined the distance between node i and node j
as the average number of steps for a random walker moving from node i to node j [29] and then proposed a dissimilarity
index used for finding communities [30]. Latapy and Pons proposed a detection algorithm called Walktrap and calculated
the distance between nodes on the basis of the probability which a random walker moves from node i to node j in limited
steps [19]. In this section, we combine the signed random walk with the Walktrap method (denoted by SRWT) to detect
communities in the signed networks.

The procedure of SRWT is as follows:
(1) using the signed randomwalk tomeasure the similarity betweenpairs of nodes.We can calculate the distance between

node i and node j according to the following definition:

rij =

√ N∑
k=1

(
T t
ik − T t

jk

)2
d (k)

(4)

where d(k) is the degree or strength of node k and t is the number of transition steps. In this paper, we set t = 3. The
probability T t

Gα i that the random walker moves to node i from community Gα in t steps is defined as

T t
Gα i =

1
NGα

∑
k∈Gα

T t
ki (5)

where NGα is the number of nodes in community Gα . And then the distance between community Gi and Gj can be calculated
by

rGiGj =

√ N∑
k=1

(
T t
Gik

− T t
Gjk

)2
d (k)

(6)
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Fig. 7. (Color Online) Evaluation of detection methods on the synthetic signed networks generated by the parameters pin = 0.8, and p−, p+ changing from
0 to 0.5 respectively. Each point is averaged over 20 realizations of the networks.

(2) classifying the nodes into different communities within hierarchical clustering algorithm. In the process of clustering,
one candeterminewhich two communities tomerge based onWard’smethod and theremust exist at least one edge between
the two communities merged.

(3) determining the optimal partition on the basis of modularity. In this paper, we apply the following modularity into
different partitions [31]:

Q =
2w+

2w+ + 2w−
Q+

−
2w−

2w+ + 2w−
Q− (7)

Q+
=

1
2w+

∑
i

∑
j

(
w+

ij −
w+

i w+

j

2w+

)
δ(Gi,Gj) (8)

Q−
=

1
2w−

∑
i

∑
j

(
w−

ij −
w−

i w−

j

2w−

)
δ(Gi,Gj) (9)

where Gi and Gj are two communities, δ(Gi,Gj) = 1 if Gi = Gj and zero otherwise, w+

i is the positive strengths of node i,
w−

i is the negative strengths of node i, 2w+
=
∑

i w
+

i , 2w
−

=
∑

i w
−

i . The best partition will get the maximum of Q value
compared to other partitions.

To evaluate the performance of detection algorithms applied in the signed network, we adopt the normalized mutual
information (NMI) which is one of most popular measures for the similarity of partitions [32]. Note that 0 ≤ NMI ≤ 1. If
NMI = 0, it means the two partitions are completely different; if NMI = 1, it means the two partitions are exactly the same.
The larger the NMI value, the more similar the two partitions are.

Weperformexperiments on the synthetic signednetworks and two real-world signednetworks to verify the effectiveness
of the SRWT in community detection. We also compare SRWT method with other three classical methods used to detect
communities in the signed networks which are DM algorithm [33], GMMAX algorithm [34] and FEC algorithm [23]. DM
algorithm finds the optimal communities by optimizing a criterion functionwhich isminimizing thenumber of negative links
within communities and positive links between communities. GMMAX algorithm is through signedmodularity optimization
to detect communities. FEC algorithm is also a kind of random walks-based methods which the random walker only walks
along the positive links. We test these methods on the signed networks which are generated by the parameters pin = 0.8,
and p−, p+ changing from 0 to 0.5. The results are as shown in Fig. 7. As we can see, in general, the performance of the SRWT
algorithm outperforms the other three methods in community detection by comparing their NMI values and the SRWT’s
NMI values are always 1 except for a few parameter intervals. The DM and FEC have the worst performance among the four
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Fig. 8. The community detection of the Slovene parliamentary party network via the SRWT. The solid edges denote positive links and the dashed edges
represent negative links. Each color represents different community. (For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

Fig. 9. The community detection of the Gahuku–Gama subtribes network via the SRWT. The solid edges denote positive links and the dashed edges
represent negative links. Each color represents different community. (For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

methods and their NMI values changes greatly. For the FEC, it can have a better performance when 0 ≤ p+ ≤ 0.5 and
0 ≤ p− ≤ 0.1, whose NMI values are close to 1. But when p− > 0.1, the performance of FEC begins to drop sharply. For the
GMMAX, overall it is better than DM and FEC, but its performance begins to drop when p− > 0.2.

Finally, we apply the SRWT on two real-world signed networks: the Slovene parliamentary party network and Gahuku–
Gama subtribes network. These two networks are usually used as benchmarks to test community detection algorithms in the
signed networks. Applying the SRWT in the Slovene parliamentary party network can detect two communities: {1, 2, 3, 4, 5}
and {6, 7, 8, 9, 10} shown in Fig. 8, which is consistent with the results provided by Kropivnik and Mrvar [27]. And the
corresponding modularity of this division calculated by the above equation is 0.4547. We apply the SRWT to the Gahuku–
Gama subtribes network and obtain three communities: {1, 2, 3, 4}, {5, 6, 7, 8, 9}, and {10, 11, 12, 13, 14, 15, 16} shown in
Fig. 9, which its corresponding modularity is 0.431. This result is identical to the Read’s study on this network [28].

6. Conclusion

In this paper, we propose a signed random walk on signed networks in which the agent is allowed to walk along the
negative links but with a smaller probability compared with the positive links. We focus on the two aspects of this random
walk: the convergence of the transition probability matrix and one of its important application, community detection. The
studies of these two aspects are both validated on the synthetic and real-world signed networks. The position and density
of negative links will affect the convergence of the signed random walk. We find that the transition probability matrix of
the signed random walk converges slowly compared with the regular random walk when all the positive links exist within
communities in the synthetic signed networks. It reveals that the convergence of the SRW’s transition probability matrix is
affected by the existence of community structure in the signed networks. We also apply the SRWT method to explore the
community structure of the signed networks and the simulation results show that the SRWT method is effective to detect
the communities of signed network compared with several traditional methods.

Although we have proposed a signed random walk model, the influence of negative links on random walk is complex
and diverse. It is necessary to design new walking rule according to the position and density of negative links in the signed
network. This model also has its own limitation, for example, this model requires that each node has at least one positive
link. In addition, the signed random walk model does not apply to directed signed network. In the next research work, we
will consider redefining the signed random walk in order to fit directed signed networks.
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